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Abstract
It has been a long-standing question whether momentum space integral equa-
tions of the Faddeev type are applicable to reactions of three charged particles,
in particular above the three-body threshold. For, the presence of long-range
Coulomb forces has been thought to give rise to such severe singularities in
their kernels that the latter may lack the compactness property known to exist
in the case of purely short-range interactions. Employing the rigorously equiv-
alent formulation in terms of an effective-two-body theory we have proved in
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a preceding paper [Phys. Rev. C 61, 064006 (2000)] that, for all energies,
the nondiagonal kernels occurring in the integral equations which determine
the transition amplitudes for all binary collision processes, possess on and off
the energy shell only integrable singularities, provided all three particles have
charges of the same sign, i.e., all Coulomb interactions are repulsive. In the
present paper we prove that, for particles with charges of equal sign, the diag-
onal kernels, in contrast, possess one, but only one, nonintegrable singularity.
The latter can, however, be isolated explicitly and dealt with in a well-defined
manner. Taken together these results imply that modified integral equations
can be formulated, with kernels that become compact after a few iterations.
This concludes the proof that standard solution methods can be used for the
calculation of all binary (i.e., (in-)elastic and rearrangement) amplitudes by
means of momentum space integral equations of the effective-two-body type.
PACS numbers: 21.45.+v, 03.65.Nk
Typeset using REVTEX
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I. INTRODUCTION
The question of compactness of the Faddeev [1] or the equivalent Alt-Grassberger-
Sandhas (AGS) [2] momentum space integral equations for three charged particles is related
to the analytical properties of their kernels. In the preceding paper [3], henceforth called I,
we have investigated the analytical behavior of the nondiagonal kernels of the equations for
three particles interacting via Coulomb-like pair potentials, rewritten in the form of effective-
two-body AGS equations pertaining to all binary (so-called 2→ 2) reaction amplitudes [2].
Under the assumption that the charges of all three particles are of the same sign, i.e., that
all Coulomb potentials are repulsive, their nondiagonal kernels were found to possess only
integrable singularities.
In this second part we investigate the singularity structure of the corresponding diagonal
kernels, again restricting ourselves to purely repulsive Coulomb interactions. It will be shown
that the only nonintegrable singularity (i) occurs on the energy shell, and (ii) coincides with
the singularity found by Veselova ( [4], see also [5]) below the breakup threshold and by Alt
and Sandhas ( [6] and references therein) for all energies. As is well known, this singularity
can be singled out and inverted explicitly [7]. All other singularities of the diagonal kernels,
including all off-the-energy-shell singularities, turn out to be integrable. Consequently, these
equations can be recast in a form such that the kernels of the resultant equations become
compact after a few interations, for all energies.
This completes the investigation of the analytical properties of effective-two-body AGS
equations for 2 → 2 reactions of three particles with charges of equal sign above the three-
body threshold.
It is worth mentioning that from the proofs also follows that, as soon as charges with
opposite sign are involved, the kernels do, indeed, develop severe singularities which preclude
application of standard methods of integral equations theory. This agrees with the findings
in the integro-differential approach [8].
The paper is organized as follows. In order to accommodate the reader who is not
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interested in mathematical details we have collected all relevant definitions and final results
in Sec. II. In particular, in Sec. IIA we briefly recall the general form of the diagonal kernels
of the effective-two body equations as already outlined in [3] and discuss some of their
pertinent properties. The main finding concerning the leading singularities of the diagonal
effective potentials occurring therein is formulated as a Theorem in Sec. II B. The resulting
singular behavior of the diagonal kernels and its treatment is described in Sec. IIC. And
in Sec. IID we sketch the two established solution strategies which eventually lead to the
desired physical binary reaction amplitudes of two charged fragments. All proofs of the
assertions are deferred to Sec. III. Finally, Section IV contains concluding remarks.
As this paper is the continuation of Part I, all quantities which are not defined here are
given there. And equations of Part I will be referred to as Eq. (I.*).
As usual we choose units such that ~ = c = 1. Moreover, unit vectors are denoted by a
hat, i.e., vˆ = v/v.
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II. LEADING SINGULARITIES OF THE DIAGONAL KERNELS Kαα:
RESUMME´E
A. General remarks
The diagonal kernels occurring in the integral equations which determine simultaneously
the transition amplitudes for all binary processes [2],
Tβα(q′β,qα; z) = Vβα(q′β ,qα; z) +
3∑
ν=1
∫
dq′′ν
(2π)3
Kβν(q′β,q′′ν ; z) Tνα(q′′ν , qα; z), (1)
are given as (see Eq. (I.10), with β = α)
Kαα(q′α,qα; z) := Vαα(q′α,qα; z) G0;α(qα; z), (2)
Here, z = E + i0 with E being the total energy in the three-body center-of-mass system.
The diagonal effective potential is defined as (Eq. (I.11a) with β = α):
Vαα(q′α,qα; z) = 〈q′α, χα | GC(z)−GCα (z) | χα,qα〉. (3)
Note that as a result of assumption (I.7), namely that the short-range interactions are
described by separable potentials of rank one (which does not limit the generality of our
results as explained in I), it contains only purely Coulombic quantities, viz. the resolvents
GC(z), Eq. (I.12), of the three-particle Coulomb Hamiltonian, and GCα (z), Eq. (I.13), of the
Coulomb channel Hamiltonian. They are related through the resolvent identities
GC(z) = GCα (z) +G
C
α (z)V¯
C
α G
C(z) (4a)
= GCα (z) +G
C(z)V¯ Cα G
C
α (z). (4b)
Here, V¯ Cα =
∑
ν 6=α V
C
ν is the Coulomb part of the channel interaction (I.5). Assumption
(I.7) implies in addition that in each channel there exists at most one bound state; without
loss of generality we can assume the existence of exactly one bound state (of non-zero
binding energy). Consequently, denoting by q¯α (q¯
′
α) the incoming (outgoing) on-shell relative
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momentum between the two fragments in channel α, and by −Bα < 0 the binding energy
of the bound pair (βγ), energy conservation requires
E = q¯2α/2Mα − Bα, q¯′α = q¯α. (5)
As has already been discussed in I, the only singularity of the effective free Green’s
function G0;α(qα; z) is a pole at the on-shell point (5). Hence, it remains to investigate the
analytical properties of the diagonal effective potentials Vαα(q′α,qα; z). Use of Eqs. (4) leads
to the following representation
Vαα(q′α,qα; z) = 〈q′α, χα | GCα [V¯ Cα + V¯ Cα GC V¯ Cα ]GCα | χα,qα〉, (6)
where the channel Coulomb resolvents GCα have been singled out explicitly. The latter
describe the propagation of the three particles α, β, and γ, with allowance for Coulomb
rescattering to all orders between particles β and γ after the virtual decay (βγ)→ β + γ of
the initial bound state (βγ), and before the virtual recombination β + γ → (βγ) leading to
the formation of the final bound state (βγ). The advantage of doing so arises from the special
roˆle played by the Coulomb interactions in the initial and final three-ray vertices. Introducing
the Coulomb-modified form factor | φα〉 := G−10 GCα | χα〉, see Part I, Vαα(q′α,qα; z) can be
rewritten as
Vαα(q′α,qα; z) = V(a)αα (q′α,qα; z) + V˜αα(q′α,qα; z), (7)
with
V(a)αα (q′α,qα; z) = 〈q′α, φα(zˆ′∗α ) | G0(z)V¯ Cα G0(z) | φα(zˆα),qα〉, (8)
V˜αα(q′α,qα; z) = 〈q′α, φα(zˆ′∗α ) | G0(z)V¯ Cα GC(z)V¯ Cα G0(z) | φα(zˆα),qα〉. (9)
Here,
zˆα ≡ Eˆα + i0, with Eˆα := E − q2α/2Mα, (10a)
zˆ′α ≡ Eˆ ′α + i0, with Eˆ ′α := E − q′2α /2Mα, (10b)
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are the kinetic energies of subsystem (β + γ) in the initial and final state, respectively.
The first term V(a)αα (q′α,qα; z) describes elastic scattering of the projectile particle α off the
bound state (βγ), taking into account Coulomb rescattering to all orders between particles
β and γ in the initial vertex (βγ)→ β+γ and in the final vertex β+γ → (βγ) and the single
intermediate-state Coulomb interaction V¯ Cα = V
C
β + V
C
γ between particle α and each of the
target particles β and γ. The second term V˜αα(q′α,qα; z) differs from that by allowing in the
intermediate state for Coulomb rescatterings to all orders and between all three particles as
represented by the three-body Coulomb resolvent.
An important simplification of the potential part (8) occurs at the on-shell point (5). To
see this we write down V(a)αα (q′α,qα; z) in explicit notation:
V(a)αα (q′α,qα; z) =
4 π eα
(q′α − qα)2
∑
ν=β,γ
eνI
(ν)(q′α,qα; z), (11)
with, e.g.,
I(γ)(q′α,qα; z) = 4µ
2
α 〈q′α, φα(zˆ′∗α ) | G0(z)G0(z) | φα(zˆα),qα〉
= 4µ2α
∫
dk
(2π)3
φ∗α(k
′
α; zˆ
′∗
α )φα(kα; zˆα)
[k′2α − 2µαzˆ′α] [k2α − 2µαzˆα]
. (12)
Here, kα = ǫαβ(k + λβγqα) and k
′
α = ǫαβ(k + λβγq
′
α), with λµν := mµ/(mµ +mν), µ 6= ν,
and ǫαβ being a sign factor (see Part I). The corresponding expression for I
(β)(q′α,qα; z)
follows from that of I(γ)(q′α,qα; z) by interchanging the indices β and γ in the definition of
the momenta kα and k
′
α.
The physical interpretation of
∑
ν=β,γ eνI
(ν)(q′α,qα; z) is that of an off-shell extension
of the body form factor of the bound state (βγ). Indeed, taking into account that on the
energy shell the Coulomb-modified form factor |φα(zˆα)〉 is related to the bound state wave
function |ψα〉 via (recall Eqs. (I.22) and (I.54))
G0(q¯
2
α/2Mα −Bα + i0) | φα(−Bα), q¯α〉 =| ψα, q¯α〉, (13)
expression (12) simplifies to (with ∆˜α = ǫαβλβγ(q¯
′
α − q¯α))
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I(γ)(q¯′α, q¯α;E + i0) =
∫
dk
(2π)3
ψ∗α(k+ ∆˜α)ψα(k)
=
∫
dr ei∆˜α·r|ψ˜α(r)|2. (14)
Thus, assuming the bound state wave function to be normalized to unity, one has on the
energy shell in the forward-scattering direction (i.e., for q¯α = q¯
′
α)
I(ν)(q¯α, q¯α;E + i0) = 1, ν = β, γ. (15)
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B. Leading singularity of Vαα(q′α,qα; z)
Let us state the assertion in the form of a
Theorem:
The leading (dynamic) singularity of the diagonal effective potential contribution (8) with
respect to the momentum transfer is the pole at the border of the physical region, namely at
∆α := q
′
α − qα = 0, (16)
already displayed in the representation (11). Writing
V(a)αα (q′α,qα; z) =:
I˜(q′α,qα; z)
∆2α
, (17)
the leading singularity of I˜(q′α,qα; z) is generally located in the unphysical region and, hence,
is harmless. The only exception occurs for zˆ′α > 0 and zˆα > 0 when it lies in the physical
region and is of the type (a is a positive definite constant depending on the particle masses
only)
I˜(q′α,qα; z) ∼
[
a∆2α −
(√
2µαzˆ′α +
√
2µαzˆα
)2]Λ
, zˆ′α > 0, zˆα > 0, (18)
with
Λ = eβeγµα/
(√
2µαzˆα +
√
2µαzˆ′α
)
. (19)
For particles with charges of equal sign, as they are considered exclusively in the present
investigation, such a singularity is, however, not dangerous (but it would give rise to severe
problems for eβeγ < 0).
The leading (dynamic) singularity of the effective potential part (9) is, for all values of
energy, of the form
V˜αα(q′α,qα; z) ∆α→0∼
1
∆α
. (20)
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C. Leading singularity of the kernel Kαα(q′α,qα;E + i0) and its treatment
Given the leading singularity of Vαα(q′α,qα;E+i0), the singularity structure of the kernel
Kαα(q′α,qα;E+ i0), Eq. (2), follows in a straightforward manner. Integration over the right-
hand variable, presently denoted by qα, is implied in (1); q
′
α is a vector-valued parameter.
The leading singularities of the kernel are the pole that originates from Vαα(q′α,qα;E + i0)
and is located as described in Sect. II B, and the pole of the effective propagator
G0;α(qα; z) = Sα(z − q
2
α/2Mα)
z − q2α/2Mα +Bα
, (21)
which occurs for z = E + i0 at the ‘on-shell point’ qα = q¯α. (The numerator function
Sα(z− q2α/2Mα) is nonsingular, cf. I, Appendix B). It is the possibility of the coincidence of
these two singularities which renders the diagonal kernel noncompact.
However, this noncompact singularity can be extracted and inverted explicitly, as has
been proposed by Veselova [4] for energies below the breakup threshold and by Alt and
Sandhas [6,9] for all energies (within the screening and renormalisation approach). This
procedure will now be briefly sketched.
First we recall that on the energy shell (5) one has for normalized bound state wave
functions (cf. Eq. (I.23))
Sα(−Bα) = 1, for α = 1, 2, 3. (22)
Using this property it proves convenient to redefine the transition amplitudes as
T ′βα(q′β,qα; z) := S1/2β (z − q′2β /2Mβ)Tβα(q′β ,qα; z)S1/2α (z − q2α/2Mα), (23)
and similarly for V ′βα(q′β,qα; z) etc. On account of (22) they coincide on the energy shell
with the original quantities, i.e., T ′βα(q¯′β, q¯α;E + i0) ≡ Tβα(q¯′β, q¯α;E + i0), etc.
Furthermore, define the operators
g0;α(zˆ) :=
(
zˆ −Q2α/2Mα
)−1
, (24)
g
C
α (zˆ) :=
(
zˆ −Q2α/2Mα − vCα
)−1
, (25)
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t
C
α (zˆ) = v
C
α + v
C
αg0;α(zˆ)t
C
α (zˆ)
= vCα + t
C
α (zˆ)g0;α(zˆ)v
C
α . (26)
They all act nontrivially only in the space spanned by the plane waves |qα〉 which are
eigenstates of the relative momentum operatorQα between particle α and the center of mass
of the subsystem (β + γ) (cf. Part I). For instance, the momentum space representation of
vCα is
vCα (q
′
α,qα) := 〈q′α|vCα |qα〉 =
4πeα(eβ + eγ)
(q′α − qα)2
. (27)
The physical interpretation of these quantities is evident: vCα (q
′
α,qα), which in coordinate
space reads as vCα (ρα) = eα(eβ + eγ)/ρα (ρα is the coordinate canonically conjugate to
qα), describes the Coulomb interaction of particle α with a fictitious point particle of charge
(eβ+eγ) and mass (mβ+mγ), and is conventionally called center-of-mass Coulomb potential.
g0;α(zˆ) is the free propagator of particle α and this fictitious particle, g
C
α (zˆ) the corresponding
propagator with allowance for Coulomb scattering between these two bodies and, finally,
tCα (zˆ) the appropriate two-body Coulomb transition operator.
We can now apply, e.g., the procedure detailed in [6]. We first rewrite Eq. (1) in terms
of the ‘primed’ quantities using an operator notation as
T ′βα(z) = V ′βα(z) +
3∑
ν=1
K′βν(z) T ′να(z), (28)
with
K′βα(z) := V ′βα(z)g0,α(z +Bα). (29)
Making use of the Theorem, the total effective potential can be decomposed into a long-
ranged (vCα ) and a shorter-ranged part as
V ′βα(z) = δβαvCα + V ′SCβα (z). (30)
The so-called Coulomb-modified short-range effective potential V ′SCβα (z) is given as
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V ′SCβα (z) := δβαV ′SCαα (z) + δ¯βαV ′βα(z). (31)
Its nondiagonal part coincides with the original effective potential V ′βα(z), β 6= α, while the
diagonal part is defined as
V ′SCαα (q′α,qα; z) :=
4 π eα
∆2α
∑
ν=β,γ
eν
[
I ′(ν)(q′α,qα; z)− 1
]
+V˜ ′αα(q′α,qα; z). (32)
Note that, on account of Eq. (15), each term [I ′(ν)(q′α,qα; z) − 1], ν = β, γ, vanishes in
the forward-scattering on-shell limit q′α = qα = q¯α (where the pole of the propagator
g0,α(qα;E + i0+Bα) = 2Mα/(q¯
2
α− q2α+ i0) is located). In coordinate space this entails that
V ′SCαα (ρ′α,ρα; z) decays asymptotically faster than vCα (ρα).
Introducing this splitting into (28) and applying the two-potential procedure leads to
the following representation
T ′βα(z) = δβαtCα (z +Bα) + ω†β(z∗ +Bβ) T ′SCβα (z)ωα(z +Bα). (33)
Here,
ωCα (z +Bα) := [1 + g0;α(z +Bα)t
C
α (z +Bα)] (34)
is the (stationary) off-shell center-of-mass Coulomb MØLLER operator, and T ′SCβα (z) is so-
lution of the Lippmann-Schwinger-type equation
T ′SCβα (z) = V ′SCβα (z) +
3∑
ν=1
K′SCβν (z) T ′SCνα (z), (35)
with kernel
K′SCβα (z) := V ′SCβα (z) gCα (z +Bα). (36)
As has already been pointed out, for β 6= α we have V ′SCβα (q′β,qα; z) ≡ V ′βα(q′β ,qα; z),
which has been shown in Part I to possess no nonintegrable singularities. Its diagonal part
V ′SCαα (q′α,qα; z), on the other hand, differs from the original effective potential V ′αα(q′α,qα; z)
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by the absence in the former of the compactness destroying center-of-mass Coulomb poten-
tial vCα (q
′
α,qα); thus, its leading singular behavior is of the type (20). The result is that
the leading singularities of the kernel K′SCβα (q′β,qα; z) of the modified equation (35) are inte-
grable, with the consequence that K′SCβα (q′β,qα; z) becomes compact after a suitable number
of iterations. This result verifies the assertion made in [6].
Once Eq. (35) has been solved for the amplitudes T ′SCβα (q′β,qα; z) by standard solution
methods (see below), the physical on-shell arrangement amplitudes Tβα(q¯′β, q¯α) are easily
obtained. For, sandwiching the operator relation (33) between plane waves 〈q′β| and |qα〉
and applying the standard on-shell limiting procedures for two-body Coulombian quantities
(see, e.g., Refs. [10,11]), yields the following representation
Tβα(q¯′β, q¯α) := δβαtCα (q¯′α, q¯α) + 〈q¯′C(−)β |T ′SCβα (E + i0)|q¯C(+)α 〉. (37)
The quantity tCα (q¯α, q¯α) is the two-body Rutherford amplitude, describing Coulomb scatter-
ing of particle α off the total charge of particles β and γ concentrated in their center of mass,
and |q¯C(±)α 〉 are the corresponding center-of-mass Coulomb scattering states, both of which
are explicitly known. Practical evaluation of the second term, called Coulomb-modified
short-range transition operator in the ‘Coulomb representation’, which comprises all effects
coming from the shorter-ranged Coulomb effective potential parts and from the genuine
short-range interactions, is straightforward (see below). The full amplitude Tβα(q¯′β, q¯α),
however, as the notation indicates can not be obtained as solution of some compact-kernel
integral equation but only via Eq. (37) (the same holds true also for tCα (q¯α, q¯α)).
For completeness we mention that the definition (37) of the physical charged-composite
particle amplitudes agrees with that following from the time-dependent scattering theory
[12] and from the stationary screening and renormalization approach [6].
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D. Practical approaches
As described above, the full, on-shell, charged-particle reaction amplitudes Tβα(q¯′β, q¯α),
Eq. (37), can not be obtained as solutions of some integral equations by standard methods
(due to the noncompactness of the kernels (2)). The same situation, in fact, arises for the
on-shell center-of-mass Coulomb amplitude tCα (q¯
′
α, q¯α). Instead, one first has to calculate the
(on-shell) Coulomb-modified short-range transition amplitudes in the Coulomb representa-
tion, 〈q¯′C(−)β |T ′SCβα (E + i0)|q¯C(+)α 〉, and then to add according to (37) the analytically known
center-of-mass Coulomb amplitude. To reach this goal two strategies have been developed
so far.
1. Screening and renormalisation approach
Development of this approach followed the analogous development in stationary two-
charged particle scattering [13]. The basic idea is to use screened Coulomb potentials,
V Rα (r) = V
C
α (r)g
R(r), (38)
where gR(r) is some fairly arbitrary but smooth screening function with
lim
R→∞
gR(r) = 1 (r fixed), (39)
lim
r→∞
gR(r) = 0 (R fixed). (40)
A numerically convenient form is gR(r) = exp{−r/R}. Consequently, all three-body quan-
tities will depend on the screening radius R. Since, for finite R, the potentials (38) are of
short range, standard methods of integral equations theory are applicable to the equation
for the screened arrangement amplitudes:
T (R)βα (q′β ,qα; z) = V(R)βα (q′β ,qα; z) +
3∑
ν=1
∫
dq′′ν
(2π)3
K(R)βν (q′β ,q′′ν ; z) T (R)να (q′′ν , qα; z), (41)
as the kernels
K(R)βα (q′β,qα; z) := V(R)βα (q′β ,qα; z)G(R)0;α (qα; z) (42)
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become compact after a suitable number of iterations.
It remains to recover the desired unscreened amplitudes (37) by a well-defined limiting
procedure R → ∞. Indeed, it has been proven in [7,6] that after multiplication of the
screened on-shell arrangement amplitudes T (R)βα (q¯′β, q¯α;E+ i0) with suitable renormalisation
factors Z
−1/2
β,R (q¯
′
β) and Z
−1/2
α,R (q¯α) which for large R are fully determined by the choice of the
screening function gR(r), the following limits exist
lim
R→∞
Z
−1/2
β,R (q¯
′
β)T (R)βα (q¯′β, q¯α;E + i0)Z−1/2α,R (q¯α) = Tβα(q¯′β, q¯α), (43)
and yield the desired unscreened amplitudes (37). This is the approach used in the various
numerical applications (for a list of references see [9,14] where also the full particulars of
how to proceed in practice can be found).
2. Direct solution of Eq. (35)
An alternative strategy [6] which aims at directly calculating the Coulomb-modified
short-range amplitude in the ‘Coulomb representation’ 〈q¯′C(−)β |T ′SCβα (E+ i0)|q¯C(+)α 〉, is based
on Eq. (35). Indeed, sandwiching this equation between Coulomb scattering states 〈q′C(−)β |
and |qC(+)α 〉, and using in the kernel (36) the spectral representation of the resolvent gCν (zˆν)
in the form (recall that all Coulomb potentials are assumed repulsive)
gCν (zˆν) =
∫
d3q′′ν
(2π)3
|q′′C(−)ν 〉〈q′′C(−)ν |
zˆν − q′′2ν /2Mν
, (44)
we end up with
〈q′C(−)β |T ′SCβα (z)|qC(+)α 〉 = 〈q′C(−)β |V ′SCβα (z)|qC(+)α 〉+
3∑
ν=1
∫
d3q′′ν
(2π)3
〈q′C(−)β |V ′SCβν (z)|q′′C(−)ν 〉〈q′′C(−)ν |T ′SCνα (z)|qC(+)α 〉
z − q′′2ν /2Mν +Bν
. (45)
As input one has to provide the effective potentials in the Coulomb representation,
〈q′C(−)β |V ′SCβα (z)|qC(±)α 〉, the calculation of which, however, appears feasible at best in co-
ordinate space (although for two-particle scattering a momentum space calculation along
these lines has been performed successfully in [15]).
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III. PROOFS OF THE ASSERTIONS
A. Leading singularity of V(a)αα (q′α,qα; z)
From the explicit representation (11) it is seen that in the ∆2α−plane V(a)αα (q′α,qα; z) has
the familiar Coulomb forward-scattering singularity at ∆2α = 0 originating from the Fourier
transform of the Coulomb channel interaction V¯ Cα . However, additional singularities arise
from the integral terms I(β)(q′α,qα; z) and I
(γ)(q′α,qα; z), cf. Eq. (12).
1) We begin our investigation of the singular behavior of I(γ)(q′α,qα; z) in the momentum
transfer plane, for momenta
qα, q
′
α 6= q˜α :=
√
2MαE (46)
which is equivalent to (cf. Eq. (10))
Eˆα 6= 0 and Eˆ ′α 6= 0. (47)
In that case the singular behavior of the off-shell Coulomb-modified form factors is as expli-
cated in Eq. (I.62a) (this implies, of course, certain analyticity requirements for the nuclear
form factors χα(kα), cf. I, Appendix C). Thus, expression (12) can be rewritten as
I(γ)(q′α,qα; z) = 4µ
2
α
∫
dk
(2π)3
φ˜∗α(k
′
α; zˆ
′∗
α ) φ˜α(kα; zˆα)
[k′2α − 2µαzˆ′α]1−iηˆ′α [k2α − 2µαzˆα]1−iηˆα
. (48)
The Coulomb parameters are defined as
ηˆα =
eβeγµα√
2µαzˆα
, ηˆ′α =
eβeγµα√
2µαzˆ′α
. (49)
The leading singularity of I(γ)(q′α,qα; z) is generated by the coincidence of the zeroes of
the denominator at
k2α − 2µαzˆα = 0 (50)
and at
k′2α − 2µαzˆ′α = 0. (51)
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To simplify the derivation we assume without loss of generality that the orbital angular
momentum of the relative motion of particles β and γ in the initial and final bound states
(βγ) is zero. As a consequence, the reduced Coulomb-modified form factors φ˜∗α(k
′
α; zˆ
′∗
α ) and
φ˜α(kα; zˆα) which are regular functions at (51) and (50), respectively, can be taken out from
under the integral sign at these points (otherwise only their radial parts could be taken out).
Thus, in the leading order we end up with
I(γ)(q′α,qα; z) ∼ 4µ2α φ˜∗α
(√
2µαzˆ′∗α ; zˆ
′∗
α
)
φ˜α
(√
2µαzˆα; zˆα
)
I˜(γ)(q′α,qα; z), (52)
where
I˜(γ)(q′α,qα; z) =
∫
dk
(2π)3
1
[(k + λβγq′α)
2 − 2µαzˆ′α]1−iηˆ′α
× 1
[(k + λβγqα)2 − 2µαzˆα]1−iηˆα . (53)
To find the singular behavior of I˜(γ) we make use of the method described in [16]. It
employs the intimate and unique connection between the singularity of a function which is
nearest to the physical region in the y-plane, where y = qˆ′α · qˆα is the cosine of the scattering
angle, and the behavior of its partial wave projections for ℓ → ∞ [17]. If the singularity
lies outside the physical region defined by −1 ≤ y ≤ +1, as it happens in the present case,
application of this method proceeds in a straightforward manner.
For illustration consider the function a(±)(y) = 1/(ζ − y)1±iη, with ζ 6∈ [−1, 1]. The
partial wave expansion [18,16]
1
(ζ − y)1±iη =
∞∑
ℓ=0
(2ℓ+ 1)Pℓ(y) a
(±)
ℓ (ζ), y ∈ [−1, 1], (54)
defines the partial wave projections a
(±)
ℓ (ζ) as
a
(±)
ℓ (ζ) =
1
2
+1∫
−1
dy
Pℓ(y)
(ζ − y)1±iη =
i
2π
(1− e±2πη) Γ(∓iη) (ζ2 − 1)∓iη/2Q±iηℓ (ζ). (55)
Here, Pℓ(y) are the Legendre polynomials and Q
λ
ℓ (ζ) the associated Legendre functions of
the second kind.
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For the following we require the asymptotic formulae [19]
Qλℓ (ζ)
ℓ→∞≈ eiπλ ℓλQℓ(ζ), (56)
Qℓ(ζ)
ℓ→∞
=
√
π
ℓ
e−ℓ ln τ√
τ 2 − 1 + o
(
1√
ℓ
)
, (57)
with
τ ≡ τ(ζ) = ζ +
√
ζ2 − 1. (58)
Note that our assumption ζ 6∈ [−1, 1] implies τ 6= 1.
The behavior of a
(±)
ℓ (ζ) for ℓ→∞ now follows immediately as
a
(±)
ℓ (ζ)
ℓ→∞≈ ±
√
π (ζ2 − 1)∓iη/2 ℓ±iη−1/2
Γ(1± iη)
e−ℓ ln τ√
τ 2 − 1 , (59)
where use has been made of
e±πη(1− e∓2πη) Γ(±iη) = ∓2iπ
Γ(1∓ iη) . (60)
Thus, we have the result that partial wave amplitudes a
(±)
ℓ (ζ), which behave asymptoti-
cally (i.e., for ℓ → ∞) as in (59), generate a singularity ∼ 1/(ζ − y)1±iη, cf. Eq. (54). The
location ζ of the singularity can, for instance, be read off from τ(ζ) as ζ = (τ + τ−1)/2, and
the singularity strength factor η from the corresponding exponent of ℓ.
Let us apply this result to I˜(γ)(q′α,qα; z), Eq. (53). We introduce the notation
ζ = ζ(k) =
k2 + λ2βγq
2
α − 2µαzˆα
2λβγkqα
, ζ ′ = ζ ′(k) =
k2 + λ2βγq
′
α
2 − 2µαzˆ′α
2λβγkq′α
, (61)
and consider first the case zˆα ≡ Eˆα < 0, zˆ′α ≡ Eˆ ′α < 0, which yields ζ > 1 and ζ ′ > 1. When
performing a partial wave expansion of I˜(γ)(q′α,qα; z),
I˜(γ)(q′α,qα; z) =
∞∑
ℓ=0
(2ℓ+ 1)Pℓ(y)I˜
(γ)
ℓ , y = qˆ
′
α · qˆα, (62)
the following expression for the expansion coefficients is obtained,
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I˜
(γ)
ℓ (q
′
α, qα; z) = −
(2λβγ)
−2+i(ηˆ′α+ηˆα)
8π4
(1− e−2πηˆ′α) (1− e−2πηˆα) Γ(iηˆ′α) Γ(iηˆα) q′−1+iηˆ
′
α
α q
−1+iηˆα
α
×
∞∫
0
dk ki(ηˆ
′
α+ηˆα) (ζ ′
2 − 1)iηˆ′α/2 (ζ2 − 1)iηˆα/2Q−iηˆ′αℓ (ζ ′)Q−iηˆαℓ (ζ). (63)
Define τ = τ(ζ) as in (58), and similarly τ ′ with ζ replaced by ζ ′. Note that τ 6= 1
(τ ′ 6= 1) as ζ 6= 1 (ζ ′ 6= 1). Use of Eqs. (56) and (57) gives for the large-ℓ behavior
I˜
(γ)
ℓ (q
′
α, qα; z)
ℓ→∞≈ (2λβγ)
−2+i(ηˆ′α+ηˆα)
2π
q
′−1+iηˆ′α
α q−1+iηˆαα
Γ(1− iηˆ′α) Γ(1− iηˆα)
ℓ−i(ηˆ
′
α+ηˆα)−1
×
∞∫
0
dk ki(ηˆ
′
α+ηˆα) (ζ ′
2 − 1)iηˆ′α/2 (ζ2 − 1)iηˆα/2 e
−ℓ ln τ˜√
(τ ′2 − 1)(τ 2 − 1)
, (64)
with τ˜ := τ ′ τ .
The remaining integral in (64) is evaluated by means of the saddle point method. As
the whole ℓ-dependence of the integrand resides in the exponential, for ℓ → ∞ the main
contribution to the integral comes from the region around the saddle point. The latter can
be found by solving the equation
d ln τ˜(k)
dk
= 0, (65)
which determines the minimum of the function ln τ˜ (k). Straighforward algebra yields for
the location of the saddle point
k = k(sp) :=

λ2βγ
(
q′2α
√−zˆα + q2α
√
−zˆ′α
)
√−zˆα +
√−zˆ′α + 2µα
√
−zˆα
√
−zˆ′α


1/2
. (66)
When calculating the contribution from the saddle point to the integral in Eq. (64),
all factors of the integrand which are nonsingular at k = k(sp) and slowly varying in the
neighbourhood of k(sp), can be taken out from under the integral sign at k = k(sp). Then we
immediately arrive at
I˜
(γ)
ℓ (q
′
α, qα; z)
ℓ→∞≈ 1√
2π
(2λβγ)
−2+i(ηˆ′α+ηˆα)
Γ(1− iηˆ′α) Γ(1− iηˆα)
q
′−1+iηˆ′α
α q−1+iηˆαα√
(ln τ˜)′′ |k=k(sp)
×ki(ηˆα+ηˆ′α)(sp)
(
ζ ′2(sp))− 1
)iηˆ′α/2 (ζ2(sp))− 1)iηˆα/2
×ℓ−i(ηˆ′α+ηˆα)−3/2 e
−ℓ ln τ˜(k(sp))√(
τ ′2(ζ ′(sp))− 1
) (
τ 2(ζ(sp))− 1
) , (67)
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where we have introduced the notation
ζ(sp) := ζ(k(sp)), ζ
′
(sp) := ζ
′(k(sp)). (68)
Double prime means second derivative.
Let us define ζ˜ in terms of τ˜ as in (58), or explicitly
ζ˜ = (τ˜ + τ˜−1)/2. (69)
It then follows from Eqs. (69) and (66) that
ζ˜(sp) := ζ˜(k(sp)) =
q2α + q
′
α
2 +
(√−2µαzˆ′α +√−2µαzˆα)2 /λ2βγ
2 qαq′α
. (70)
Given this asymptotic behavior (for ℓ → ∞) of I˜(γ)ℓ (q′α, qα; z), by comparison with (59)
and (54) we immediately recover the leading singularity of I˜(γ)(q′α,qα; z) as
I˜(γ)(q′α,qα; z) ∼
1
(ζ˜sp − y)−i(ηˆ′α+ηˆα)
(71)
∼
[
λ2βγ(q
′
α − qα)2 +
(√
−2µαzˆ′α +
√
−2µαzˆα
)2]i(ηˆ′α+ηˆα)
. (72)
It is not difficult to see that the derivation goes through unaltered if ζ ′ and/or ζ have a
nonvanishing imaginary part as it happens if Eˆ ′α > 0 and/or Eˆα > 0.
From (72) it follows that the leading singularity of I˜(γ)(q′α,qα; z) never coincides with
the Coulomb forward-scattering singularity ∆2α = 0 (recall that presently we assume zˆ
′
α 6= 0
and zˆα 6= 0). In fact, if both zˆα < 0 and zˆ′α < 0, it lies farther away from the physical region
than the forward Coulomb singularity and hence is not dangerous. A similar situation arises
if zˆ′α or zˆα is positive, since then the singularity of I˜
(γ)(q′α,qα; z) is located in the complex
∆2α−plane. However, if both zˆ′α and zˆα are positive, I˜(γ)(q′α,qα; z) becomes singular in the
physical region. Indeed, for z = E + i0 we have
√−zˆα = +i
√
zˆα, and similarly for
√−zˆ′α.
Consequently,
I˜(γ)(q′α,qα; z) ∼
[
λ2βγ∆
2
α −
(√
2µαzˆ′α +
√
2µαzˆα
)2]Λ
, zˆ′α > 0, zˆα > 0, (73)
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with Λ given in (19). This singularity is, however, not dangerous if particles β and γ have
charges of the same sign, i.e., if eβeγ > 0.
It is obvious that the leading singularity of I˜(β)(q′α,qα; z) which is closest to the physical
region, coincides with that shown in Eq. (72), except for the replacement λβγ → λγβ. Hence,
the above discussion of its location holds without change also for the present case.
2) It remains to consider the cases zˆα = 0 or/and zˆ
′
α = 0. To start with assume zˆα = 0,
i.e. qα = q˜α, but zˆ
′
α 6= 0. Taking into account the behavior of φα(kα; 0) in the limit kα → 0,
as described in Eq. (I.62b), we have instead of expression (48)
I(γ)(q′α, q˜α; z) = 4µ
2
α
∫
dk
(2π)3
φ˜∗α(k
′
α; zˆ
′∗
α ) φ˜α(kα; 0)
[k′α
2 − 2µαzˆ′α]1−iηˆ′α
. (74)
Here, k′α and kα are defined as before but with qα replaced by q˜α := qˆαq˜α. The leading
singular behavior of the integral in the ∆2α−plane is generated by the coincidence of the zero
of the denominator of the integrand with the closest singularity of φ˜α(kα; 0). The location of
the latter depends on the large-distance properties of the short-range (nuclear) potential be-
tween particles β and γ. For instance, for a Yukawa-type form factor χα(r) ∼ r−1 exp(−ναr),
where 1/να measures the range of the nuclear interaction, the closest singularity of φ˜α(kα; 0)
lies at
k2α + ν
2
α = 0 (75)
(cf. Eq. (I.C.15)). Hence, the singularity of I(γ)(q′α, q˜α; z), which is generated by the coinci-
dence of singularities at (51) and (75), is located at
λ2βγ∆
2
α = −
(√
−2µαzˆ′α + να
)2
. (76)
A similar situation occurs for zˆ′α = 0, but zˆα 6= 0. Finally, for zˆ′α = zˆα = 0 simultaneously,
the expression for I(γ)(q˜′α, q˜α; z) (q˜
′
α := qˆ
′
αq˜α) reads as
I(γ)(q˜′α, q˜α; z) = 4µ
2
α
∫
dk
(2π)3
φ˜∗α(k
′
α; 0) φ˜α(kα; 0), (77)
with kα expressed by q˜α and k
′
α by q˜
′
α := qˆ
′
αq˜α. In this case the leading singularity of the
integral in the ∆2α−plane is generated by the coincidence of the singularities of φ˜∗α(k′α; 0)
and φ˜α(kα; 0) and is, for Yukawa-type form factors, located at
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λ2βγ∆
2
α = −(2να)2. (78)
The singularities at (76) and (78) always lie outside the physical region, and hence are not
dangerous.
The behavior of I(β)(q′α,qα; z) follows again from the above by the substitution λβγ →
λγβ.
3) Taken together we have thus shown that in the leading order the singular behavior of
V(a)αα (q′α,qα; z) is of the asserted form, namely,
V(a)αα (q′α,qα; z) ∆α→0∼
1
∆2α
∑
ρ6=α
[
µα
mρ
∆2α + u
2
α
]i(ηˆ′α+ηˆα)
+ o
(
1
∆2α
)
(79)
where, assuming a Yukawa-type behavior for the nuclear form factors with inverse range
να > 0,
uα =


√−2µαzˆ′α +√−2µαzˆα for zˆ′α 6= 0, zˆα 6= 0,√−2µαzˆ′α + να for zˆ′α 6= 0, zˆα = 0,
2να for zˆ
′
α = 0 = zˆα.
(80)
This proves the first part of the Theorem.
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B. Leading singularity of V˜αα(q′α,qα; z)
1. Introductory remarks
Consider now the contribution (9) to the effective potential which is abbreviated as
V˜αα(q′α,qα; z) = 〈q′α, φα | O | φα,qα〉. The operator O := G0V¯ Cα GC V¯ Cα G0 contains all possi-
ble intermediate-state Coulomb interactions: it begins with the incoming-channel Coulomb
interaction V¯ Cα , ends up with the outgoing-channel Coulomb interaction V¯
C
α , while the three-
body Coulomb resolvent GC takes into account all possible Coulomb rescatterings of particles
α, β, and γ, in between. If, in O, GC is replaced by the free resolvent G0, which is the first
term in a Neumann series expansion of GC , the lowest-order contribution
V˜(2)αα (q′α,qα; z) = 〈q′α, φα | G0V¯ Cα G0V¯ Cα G0 | φα,qα〉 (81)
results. Below it is shown that the leading singularities of V˜αα(q′α,qα; z) and V˜(2)αα (q′α,qα; z)
coincide. In other words, near the leading singularity the three-body Coulomb resolvent GC
may effectively be replaced by the free resolvent G0. Note the similarity of this assertion to
that encountered for the nondiagonal effective potential in I.
Auxiliary Theorem: Even an arbitrary number of Coulomb rescatterings in the inter-
mediate state of the diagonal effective potential contribution V˜αα(q′α,qα; z), as represented by
the three-body Coulomb resolvent GC, does change neither position nor character of the lead-
ing (dynamic) singularity in the momentum transfer variable as compared to its lowest-order
contribution V˜(2)αα (q′α,qα; z), but does alter the strength of the residue.
2. Leading singularity of V˜(2)αα (q′α,qα; z)
We start with the investigation of V˜(2)αα (q′α,qα; z). According to its definition (81), it can
be written as a sum of four terms,
V˜(2)αα (q′α,qα; z) =
∑
ν,σ 6=α
〈q′α, φα | G0V Cν G0V Cσ G0 | φα,qα〉. (82)
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Consider, for example, the term with σ = β and ν = β, to be denoted as
V˜(2)(ββ)αα (q′α,qα; z) := 〈q′α, φα | G0V Cβ G0V Cβ G0 | φα,qα〉 (83)
and represented in diagrammatic form in Fig. 1.
1) For zˆ′α 6= 0 and zˆα 6= 0, the singular behavior of the Coulomb-modified form factor
φα(kα; zˆα) is as given in Eq. (I.62a). Inserting the momentum space representation of the
spectral resolution of the free resolvent in the form (I.84) and the explicit expression for the
Fourier transform of the Coulomb potential V Cβ , we end up with
V˜(2)(ββ)αα (q′α,qα; z) = 4µ2α
∫
dq0β
(2π)3
∫
dq0α
(2π)3
φ˜∗α
(
ǫαβ(q
0
β + λβγq
′
α)
)
[
(q0β + λβγq
′
α)
2 − 2µαzˆ′α)
]1−iηˆ′α
× 4πeαeγ
(q0α − q′α)2
1[
z − (q0β + λβγq0α)2/2µα − q02α /2Mα
]
× 4πeαeγ
(q0α − qα)2
φ˜α
(
ǫαβ(q
0
β + λβγqα)
)
[
(q0β + λβγqα)
2 − 2µαzˆα)
]1−iηˆα . (84)
Here and in the following the arguments zˆα in the reduced Coulomb-modified form factors
φ˜α(· ; zˆα) are dropped unless required for clarity.
The leading singularity of V˜(2)(ββ)αα (q′α,qα; z) is generated by the coincidence of the sin-
gularities at
∆0α := q
0
α − qα = 0, (85)
and at
∆′0α := q
0
α − q′α = 0. (86)
The solution of these two equations gives for the location of the singularity
∆α = q
′
α − qα = 0. (87)
Let us introduce as new integration variables ∆0α and k
0
α = ǫαβ
(
q0β + λβγq
0
α
)
. Then (84)
takes the form
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V˜(2)(ββ)αα (q′α,qα; z) = (2µα)3
∫
dk0α
(2π)3
∫
d∆0α
(2π)3
× φ˜
∗
α
(
k0α − ǫαβ λβγ[∆0α −∆α]
)
[(
k0α − ǫαβ λβγ[∆0α −∆α]
)2 − 2µαzˆα − µα∆α · (2q′α −∆α) /Mα]1−iηˆ′α
× 4πeαeγ(
∆0α −∆α
)2 1[2µα zˆα − k0α2 − µα∆0α · (∆0α + 2qα)/Mα]
×4πeαeγ
(∆0α)
2
φ˜α
(
k0α − ǫαβ λβγ∆0α
)
[(
k0α − ǫαβ λβγ∆0α
)2 − 2µαzˆα]1−iηˆα . (88)
Here, we have expressed ∆′0α according to (85) and (87), and have taken into account that
zˆ′α = z − q′2α /2Mα = zˆα +∆α · (2q′α −∆α)/2Mα.
Application of the scaling transformation
∆0α = ∆α vα (89)
yields
V˜(2)(ββ)αα (q′α,qα; z) ∆α→0=
(4 π eα eγ)
2
∆α
J (β)(zˆα), (90)
where
J (β)(zˆα) = −(2µα)3
∫
dvα
(2π)3 v2α
1
(vα − ∆ˆα)2
∫
dk0α
(2π)3
| φ˜α (k0α) |2[
k0α
2 − 2µαzˆα
]3−2iηˆα
= −µ3α
∫
dk0α
(2π)3
| φ˜α (k0α) |2[
k0α
2 − 2µαzˆα
]3−2iηˆα (91)
Because we presently restrict ourselves to the case zˆα 6= 0, the integral in J (β)(zˆα) is non-
singular as, for finite three-body energies, the singularity of the integrand can not coincide
with the integration limits.
Let us add two comments.
(i) In order to prove that the leading singularity of V˜(2)(ββ)αα (q′α,qα; z) is due to the coinci-
dence of the singularities of the integrand at (85) and (86), it was necessary to take into
account the singular behavior of the Coulomb-modified form factors φα(kα; zˆα) as given in
Eq. (I.62a).
25
(ii) We point out that a behavior ∼ 1/∆α is typical for a second-order Coulombic contribu-
tion (cf. the analogous result for the second-order term in the iteration of the Lippmann-
Schwinger equation for the two-body Coulomb T-matrix derived in [16]).
2) Next assume qα = q˜α, i.e. zˆα = 0, in which case relation (I.62b) applies for φα(k; 0).
Since we are looking for the behavior of V˜(2)(ββ)αα (q′α,qα; z) near the singularity at (87),
∆α = 0 implies also zˆ
′
α = 0 or equivalently q
′
α = q˜α. Hence, taking into account the scaling
substitution (89) we find
φ∗α
(
k0α − ǫαβ λβγ(∆0α −∆α); zˆ′∗α
) ∆α→0= φ∗α (k0α; 0) = k0α2 φ˜∗α (k0α; 0) . (92)
Thus, the leading singular term of V˜(2)(ββ)αα (q′α,qα; z) is given by
V˜(2)(ββ)αα (q′α,qα; z) ∆α→0=
(4 π eα eγ)
2
∆α
J (β)(0), (93)
with
J (β)(0) = −µ3α
∫
dk0α
(2π)3
φ˜∗α (k
0
α; 0) φ˜α (k
0
α; 0)
k0α
2 (94)
being nonsingular.
3) An analogous argumentation shows that any effective potential contribution
V˜(2)(σν)αα (q′α,qα; z) with σ, ν 6= α, has the same leading singularity given by Eq. (90) and
Eq. (93), respectively. Summarizing we have shown that V˜(2)αα (q′α,qα; z) behaves, for all
values of q′α and qα, in the limit ∆α → 0 as
V˜(2)αα (q′α,qα; z) ∆α→0∼
1
∆α
. (95)
3. Leading singularity of V˜αα(q′α,qα; z)
Proof of the Auxiliary Theorem: We are now ready to prove that the contribution
V˜αα(q′α,qα; z) to the full effective potential, in spite of containing an infinite number of
Coulombic rescatterings between all three particles in the intermediate state as represented
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by the three-body Coulomb resolvent, possesses the same leading singularity at the same
position (87) as the lowest-order contribution V˜(2)αα (q′α,qα; z), cf. Eq. (95).
According to its definition (9), also V˜αα(q′α,qα; z) is a sum of four terms,
V˜αα(q′α,qα; z) =
∑
ν,σ 6=α
〈q′α, φα | G0V Cν GCV Cσ G0 | φα,qα〉
=:
∑
ν,σ 6=α
V˜(νσ)αα (q′α,qα; z). (96)
As an example we investigate
V˜(ββ)αα (q′α,qα; z) := 〈q′α, φα | G0V Cβ GCV Cβ G0 | φα,qα〉 (97)
which is represented in diagrammatic form in Fig. 2.
1) We first consider the case zˆ′α 6= 0 and zˆα 6= 0, or equivalently qα, q′α 6= q˜α. Since the
charges of all three particles are assumed to be of equal sign, i.e., all Coulomb potentials
are repulsive, the three-body Coulomb resolvent has the spectral representations given in
Eqs. (I.82) and (I.83) in terms of the scattering wave function Ψ
C(+)
k0α,q
0
α
(P) for three charged
particles in the continuum (P = {kν ,qν}, ν = 1, 2, 3, is the six-dimensional momentum
vector). Using the latter we can repeat all the steps performed in Part I, thereby arriving
at [20]
V˜(ββ)αα (q′α,qα; z) = 4µ2α
∫
dk′′′β
(2π)3
∫
dq′′′β
(2π)3
∫
dk′′β
(2π)3
∫
dq′′β
(2π)3
∫
dk0α
(2π)3
∫
dq0α
(2π)3
× φ˜
∗
α
(
ǫαβ(q
′′′
β + λβγq
′
α)
)
[
(q′′′β + λβγq
′
α)
2 − 2µαzˆ′α
]1−iηˆ′α 4πeαeγ[k′′′β − ǫβα(q′α + λαγq′′′β )]2
×
Ψ
C(+)
k0α,q
0
α
(k′′′β ,q
′′′
β )Ψ
C(+)∗
k0α,q
0
α
(k′′β,q
′′
β)
[z − k02α /2µα − q02α /2Mα]
× 4πeαeγ[
k′′β − ǫβα(qα + λαγq′′β)
]2 φ˜α
(
ǫαβ(q
′′
β + λβγqα)
)
[
(q′′β + λβγqα)
2 − 2µαzˆα
]1−iηˆα . (98)
In contrast to the simpler case considered in Sec. III B 2, the leading singularity of
V˜(ββ)αα (q′α,qα; z) emerges as the result of the coincidence not only of the singularities of the
Fourier transforms of the Coulomb potentials but also of the forward-scattering singularities
of the three-body Coulomb scattering wave functions. As was shown in Part I (cf. Appendix
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I.D), in the region of integration which is relevant for generating the leading singularity, only
the leading term Ψ
C,as(+)′∗
k0α,q
0
α
(rβ,ρβ) in the asymptotic expansion of the three-body coordinate-
space Coulomb scattering wave function Ψ
C(+)∗
k0α,q
0
α
(rβ,ρβ) enters which is known in analytic
form and is given in Eq. (I.113). When substituting its momentum space representation
(I.117) into Eq. (98) one encounters an expression of the following type:
Jα : =
∫
dk′′β
(2π)3
∫
dq′′β
(2π)3
Ψ
C,as(+)′∗
k0α,q
0
α
(k′′β ,q
′′
β)
4πeαeγ[
k′′β − ǫβα(qα + λαγq′′β)
]2
× φ˜α
(
ǫαβ(q
′′
β + λβγqα)
)
[
(q′′β + λβγqα)
2 − 2µαzˆα
]1−iηˆα
=
∫
dq′′α
(2π)3
∫
dq′′β
(2π)3
∫
dk
(2π)3
ψ
C(+)∗
k0
β
(k)ψ
C(+)∗
k0γ
(k + k0γ − k0β + ǫαβ(q′′α − q0α))
×ψC(+)∗
k0α
(k+ k0α − k0β − ǫβα(q′′α + q′′β + q0γ))
4πeαeγ
(q′′α − qα)2
× φ˜α
(
ǫαβ(q
′′
β + λβγqα)
)
[
(q′′β + λβγqα)
2 − 2µα zˆα
]1−iηˆα , (99)
where to arrive at the second equality a change of the integration variable has been per-
formed.
We are looking for the behavior of Jα when the singularities of the integrand at
q′′α − qα = 0 (100)
and at
(q′′β + λβγqα)
2 − 2µα zˆα = 0 (101)
collide with the forward-scattering singularities of the wave function Ψ
C,as(+)′∗
k0α,q
0
α
(k′′β,q
′′
β) which
occur at
q′′ν − q0ν = 0, ν = 1, 2, 3. (102)
This will generate the leading singularity of Jα in the (∆
0
α)
2−plane where ∆0α has been
defined in Eq. (85). And the latter will eventually give rise to the leading singularity of
V˜(ββ)αα (q′α,qα; z) in ∆2α−plane.
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According Appendix I.E, near the leading singularity Jα can be written, for qα 6= q˜α, as
Jα = 4πeαeγe
−π(η0α+η
0
β
+η0γ )/2
Γ(1− i(ηˆα + η0α)) Γ(1− i(η0β + η0γ))
Γ(1− iηˆα)
×
[
λ2βγ (∆
0
α)
2 −
(
k0α − i
√
−2µαzˆ∗α
)2]−iη0α [
2ǫαβ∆
0
α · k0β
]−iη0
β [−2ǫαβ∆0α · k0γ ]−iη
0
γ
× 1
[−2ǫαβ λβγ∆0α · k0α + σ0α(qα; z)]1−i(ηˆα+η0α)
J˜α
[(∆0α)
2]1−i(η
0
α+η
0
γ)
, (103)
where J˜α remains finite at ∆
0
α = 0. Here, we have introduced the abbreviation
σ0α(qα; z) = k
0
α
2 − 2µαzˆα. (104)
Moreover, terms ∼ O((∆0α)2) have already been omitted as compared to O(∆0α). The only
difference between Eq. (I.E.32) and (103) concerns the identity
ǫαβ∆
0
β + kα = k
0
α − ǫαβ λβγ∆0α (105)
which follows from the standard relations between the various momenta (cf. Appendix I.A)
and has been used in deriving (103). The Coulomb parameters η0ν , ν = 1, 2, 3, are defined
in Eq. (I.123), and Γ(z) is the Gamma function.
Similarly, for q′α 6= q˜α, the leading singularity of
J ′∗α : =
∫
dq′′′α
(2π)3
∫
dq′′′β
(2π)3
∫
dk
(2π)3
ψ
C(+)
k0
β
(k)ψ
C(+)
k0γ
(k+ k0γ − k0β + ǫαβ(q′′′α − q0α))
×ψC(+)
k0α
(k+ k0α − k0β − ǫβα(q′′′α + q′′′β + q0γ))
4πeαeγ
(q′′′α − q′α)2
× φ˜
∗
α
(
ǫαβ(q
′′′
β + λβγq
′
α)
)
[
(q′′′β + λβγq
′
α)
2 − 2µα zˆ′α
]1−iηˆ′α , (106)
is generated by the coincidence of the zeroes of the denominators which occur at
q′′′α − q′α = 0 = (q′′′β + λαγq′α)2 − 2µα zˆ′α, (107)
with the forward-scattering singularities of the wave function Ψ
C,as(+)′
k0α,q
0
α
(k′′′β ,q
′′′
β ) at
q′′′ν − q0ν = 0, ν = 1, 2, 3. (108)
In its vicinity leading singular term is of the form
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J ′∗α = 4πeαeγe
−π(η0α+η
0
β
+η0γ)/2
Γ(1− i(ηˆ′α − η0α)) Γ(1 + i(η0β + η0γ))
Γ(1− iηˆ′α)
×
[
λ2βγ (∆
′0
α )
2 −
(
k0α − i
√
−2µαzˆ′∗α
)2]iη0α [
2ǫαβ∆
′0
α · k0β
]iη0
β [−2ǫαβ∆′0α · k0γ]iη
0
γ
× 1
[−2ǫαβ λβγ∆′0α · k0α + σ0α(q′α; z)]1−i(ηˆ′α−η0α)
1
[(∆′0α )
2]1+i(η
0
α+η
0
γ)
J˜ ′∗α , (109)
where J˜ ′∗α remains finite at ∆
′0
α = 0. Here, σ
0
α(q
′
α; z) = k
0
α
2 − 2µα zˆ′α.
Taking into account (103) and (109), and expressing ∆′0α according to (85) - (87), we
derive from (98) for the leading singular part in the limit ∆α → 0 of V˜(ββ)αα (q′α,qα; z):
V˜(ββ)(s)αα (q′α,qα; z) = 4µ2α
∫
dk0α
(2π)3
∫
dq0α
(2π)3
J ′∗α Jα[
z − k0α2/2µα − q0α2/2Mα
] (110)
=
64π2 e2α e
2
γ µ
2
α
Γ(1− iηˆ′α) Γ(1− iηˆα)
∫
dk0α
(2π)3
∫
d∆0α
(2π)3
e−π(η
0
α+η
0
β
+η0γ)
×Γ(1 − i(ηˆ′α − η0α)) Γ(1− i(ηˆα + η0α)) | Γ(1− i(η0β + η0γ)) |2
×
[
λ2βγ (∆
0
α −∆α)2 −
(
k0α − i
√−2µαzˆ′∗α )2
λ2βγ (∆
0
α)
2 − (k0α − i√−2µαzˆ∗α)2
]iη0α
× [1−∆α · k0β/(∆0α · k0β)]iη0β [1−∆α · k0γ/(∆0α · k0γ)]iη0γ
× 1
[−2ǫαβ λβγ (∆0α −∆α) · k0α + σ0α(q′α; z)]1−i(ηˆ′α−η0α)
× 1
[(∆0α −∆α)2]1+i(η0α+η0γ)
× J˜
′∗
α J˜α[
zˆα −∆0α ·
(
∆0α + 2qα
)
/2Mα − k0α2/2µα
]
× 1
[−2ǫαβ λβγ∆0α · k0α + σ0α(qα; z)]1−i(ηˆα+η0α)
1
[(∆0α)
2]1−i(η
0
α+η
0
γ)
. (111)
It is instructive to compare the integrals over ∆0α in Eqs. (88) and (111). Inspection
reveals that differences arise from the presence of extra factors ∼ ∆α/∆0α , and from the
Coulomb distortion of the poles in Eq. (88) at ∆0α = 0 and ∆
0
α − ∆α = 0 into branch
points. This latter effect is due to the presence in V˜(ββ)αα (q′α,qα; z) of the three-body Coulomb
Green’s function describing the propagation of the three charged particles α, β, and γ, in
the intermediate state.
Now, making the scaling transformation (89) we immediately arrive at the final result:
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V˜(ββ)(s)αα (q′α,qα; z) ∆α→0=
1
∆α
J (ββ)αα , (112)
whith
J (ββ)αα = −
128π2µ3α e
2
αe
2
γ
Γ2(1− iηˆα)
∫
dk0α
(2π)3
∫
dvα
(2π)3
e−π(η
0
α+η
0
β
+η0γ)
×Γ (1− i(ηˆα − η0α)) Γ (1− i(ηˆα + η0α)) ∣∣Γ (1− i(η0β + η0γ))∣∣2
×
[
1− ∆ˆα · k0β/(vα · k0β)
]iη0
β
[
1− ∆ˆα · k0γ/(vα · k0γ)
]iη0γ
× 1
(vα − ∆ˆα)2+2i(η0α+η0γ )
1
v
2−2i(η0α+η
0
γ)
α
J˜ ′∗α J˜α[
k0α
2 − 2µα zˆα
]3−2iηˆα . (113)
Here, we have taken into account that lim∆α→0 zˆ
′
α = zˆα.
Let us comment on this result. In our previous work on two-charged particle scattering
[16], the influence of the two-body Coulomb Green’s function on the analytic behavior of
the two-particle Coulomb scattering amplitude defined via TC = V C + V CGCV C had been
investigated, by using the spectral representation of GC . There we had come up with the
following fundamental result: due to the mutual cancellation of the Coulomb distortion
factors in the pair of complex conjugate Coulomb scattering wave functions, the presence
of the two-body Coulomb Green’s function in the intermediate state did not affect the
leading singular behavior of the Coulomb scattering amplitude at small momentum transfer
as compared to the lowest-order contribution in a Born series expansion of the latter (i.e.,
if GC is replaced by G0 in the second term on the r. h. side).
Now we have encountered the analogous situation in the three-body case which, of course,
is more complicated. When looking for the leading singular term of V˜(ββ)αα (q′α,qα; z) (see Eq.
(98)), in the spectral representation of the Coulomb Green’s function, the exact three-body
Coulomb wave functions could be approximated by their leading asymptotic parts. Since
the (asymptotic) Coulomb wave functions appear there as a pair of complex conjugates of
each other, the phase factors in Jα and J
′∗
α containing the Coulomb parameters η
0
ν , ν =
α, β, γ, are complex conjugates as well. This fact eventually led to the same result: the
presence of the three-body Coulomb Green’s function in the intermediate state of the exact
effective potential part V˜(ββ)αα (q′α,qα; z), Eq. (97), does not affect the singular behavior at
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small momentum transfer, as compared to its lowest-order contribution V˜(2)(ββ)αα (q′α,qα; z)
given in Eq. (83).
2) Next assume qα = q˜α. The leading singular term of Jα is given by Eq. (I.E.33), and
analogously that of J ′α by
J ′∗α = 4πeαeγ e
−π(η0α+η
0
β
+η0γ )/2 Γ(1 + iη0α) Γ
(
1 + i(η0β + η
0
γ)
)
× [2ǫαβ∆′0α · k0β]iη0β [−2ǫαβ∆′0α · k0γ]iη0γ L˜′∗1
[(∆′0α )
2]1+i(η
0
β
+η0γ)
. (114)
Correspondingly, taking into account that for ∆α = 0 and qα = q˜α one has zˆ
′
α = zˆα = 0, the
leading singular term of V˜(ββ)αα (q′α,qα; z) is found to be
V˜(ββ)(s)αα (q˜′α, q˜α; z) ∆α→0=
1
∆α
J (ββ)αα , (115)
with
J (ββ)αα = −128π2 µ3α e2α e2γ
∫
dk0α
(2π)3
∫
dv0α
(2π)3
×e−π(η0α+η0β+η0γ) ∣∣Γ (1− iη0α)∣∣2 ∣∣Γ (1− i(η0β + η0γ))∣∣2
×
[
1− ∆ˆα · k0β/(vα · k0β)
]iη0
β
[
1− ∆ˆα · k0γ/(vα · k0γ)
]iη0γ
× 1
(vα − ∆ˆα)2+2i(η0α+η0γ )
1
v
2−2i(η0α+η
0
γ)
α
L˜′∗1 L˜1
k0α
2 . (116)
3) It is not difficult to see that all other contributions V˜(νσ)αα (q′α,qα; z), with ν, σ = β, γ, to
the effective potential Eq. (96) behave in the limit ∆α → 0 as described above. Consequently,
the leading singular behavior of the full effective potential part (9) is given as
V˜αα(q′α,qα; z) ∆α→0∼
1
∆α
. (117)
This concludes the proof of the Theorem.
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IV. CONCLUDING REMARKS
The results of the present investigation, together with those of paper I (Phys. Rev. C
61, 064006 (2000)), provide the proof that momentum space three-body integral equations
in the form of effective two-body AGS equations can be used with confidence to calculate all
possible arrangement (i.e., 2 → 2) amplitudes below and above the three-body threshold,
provided the charges of all three particles are of the same sign. However, as information
concerning the singularity properties of the effective potentials occurring in the analogous
equations for breakup (2→ 3) or even 3→ 3 amplitudes is still lacking, the results obtained
so far do not yet constitute a proof of compactness of the kernels of the genuine three-
body integral equations of the Faddeev [1] or AGS [2] type. One obvious consequence is
that application of methods which aim at directly solving these latter equations would (as
yet) be without mathematical justification. While reactions of the 3 → 3 type are less of
practical interest, experimental study of breakup processes is vigorously pursued in many
laboratories. Hence, it is of great importance to continue these investigations, at least for
the effective potentials occurring in the (integral) equations for 2 → 3 amplitudes. Note
that, if only two of the three particles are charged, with charges of the same sign, the proofs
provided by Alt, Sandhas, and Ziegelmann [7,9] within the screening and renormalisation
approach constitute a proof of compactness of the kernels of the corresponding three-body
integral equations (cf. the validation of this assertion in [8]).
A further comment concerns the practical applicability of the momentum space ap-
proach. Indeed, evaluation of the exact effective potential Vβα(q′β,qα; z) = 〈q′β, χβ |
GC(z) − δβαGCα (z) | χα,qα〉, Eq. (I.11a), appears to be beyond present means, due to
the presence of the three-body Coulomb resolvent GC . On the other hand, a perturbative
calculation of Vβα(q′β,qα; z) based on the Neumann series expansion of GC may also be
unsatisfactory. For, as Theorem 2 (cf. Part I) states for its nondiagonal and the Auxil-
iary Theorem of the present paper for its diagonal part, even the lowest-order contribution
V(2)βα (q′β,qα; z) and, thus, also all the higher-order terms of the perturbation series have the
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same leading singularity as the exact expression and consequently contribute to the strength
of the residue at the singularity. Therefore, in principle no term of this infinite series should
be omitted unless, of course, their contribution to the residue strength turns out to become
rapidly smaller as the order of iteration increases.
34
REFERENCES
[1] L. D. Faddeev, Sov. Phys. JETP 12, 1014 (1961); Mathematical Aspects of the Three-
Body Problem in the Quantum Scattering Theory (Israel Program for Scientific Trans-
lations, Jerusalem, 1965).
[2] E. O. Alt, P. Grassberger, and W. Sandhas, Nucl. Phys. B2, 167, 1967.
[3] A. M. Mukhamedzhanov, E. O. Alt, and G. V. Avakov, Phys. Rev. C 61, 064006 (2000).
[4] A. M. Veselova, Theor. Math. Phys. 3, 542 (1970); 13, 369 (1972).
[5] L. D. Faddeev, in Three Body Problem in Nuclear and Particle Physics, edited by J. S.
C. McKee and P. M. Rolph (North Holland, Amsterdam 1970), p. 154.
[6] E. O. Alt and W. Sandhas, Phys. Rev. C 21, 1733 (1980).
[7] E. O. Alt, W. Sandhas, and H. Ziegelmann, Phys. Rev. C 17, 1981 (1978).
[8] S. P. Merkuriev and L. D. Faddeev, Quantum Scattering Theory for Systems of Few
Particles (Nauka, Moscow, 1985) (in Russian).
[9] E. O. Alt and W. Sandhas, in Coulomb Interactions in Nuclear and Atomic Few-Body
Collisions, edited by F. S. Levin and D. Micha (Plenum, New York 1996), p. 1.
[10] H. van Haeringen, Charged-particle interactions. Theory and Formulas. (Coulomb Press,
Leyden, 1985).
[11] E. O. Alt, in Few Body Methods: Principles and Applications, edited by T. K. Lim, C.
G. Bao, D. P. Hou, and H. S. Huber (World Scientific, Singapore 1986), p. 239.
[12] E. O. Alt and W. Sandhas, in Few Body Systems and Nuclear Forces, edited by H. F.
K. Zingl, M. Haftel, and H. Zankel (Springer, Berlin 1978), p. 373.
[13] J. R. Taylor, Nuovo Cim. 23B, 313 (1974).
[14] E. O. Alt, A. M. Mukhamedzhanov, and A. I. Sattarov, Phys. Rev. Lett. 81, 4820
35
(1998).
[15] K. Dreissigacker, H. Po¨pping, P. U. Sauer, and H. Walliser, J. Phys. G 5, 1199 (1979).
[16] E. O. Alt and A. M. Mukhamedzhanov, J. Phys. B: At. Mol. Phys. 27, 63 (1994).
[17] V. S. Popov, Zh. Eksp. Teor. Fiz. 47, 2229 (1964) [Soviet Physics - JETP 20, 1494
(1965)].
[18] E. I. Dolinskii and A. M. Mukhamedzhanov, Yad. Fiz. 13, 252 (1966) [Sov. J. Nucl.
Phys. 3, 180 (1966)].
[19] A. Kratzer and W. Franz, Transzendente Funktionen, 2nd Ed. (Akadem. Verlagsge-
sellschaft, Leipzig, 1963) (in German).
[20] We note that in all equations for the effective potentials V˜(2)βα (q′β,qα; z) and V˜βα(q′β ,qα; z)
the (trivial) overall factor 4µβµα has been inadvertently omitted in [3].
36
FIGURES




a
a
a
a !
!
!
!
 

(; ) (; )
V
C

V
C

FIG. 1. Lowest-order contribution (83) to the diagonal effective potential. The dashed
semi-circles represent Coulomb-modified form factors.
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FIG. 2. Contribution (97) to the exact diagonal effective potential.
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